Abstract. We compute the irreducible constituents of the restrictions of all unipotent characters of the groups Sp 4 (q) and Sp 6 (q) and odd q to their maximal parabolic subgroups stabilizing a line. It turns out that these restrictions are multiplicity free.
Introduction
This is a sequel to our paper [1] , where we investigated the restriction of the Steinberg character of a finite symplectic group G over a field of odd characteristic to the maximal parabolic subgroup P of G stabilizing a line. We determined the irreducible constituents of this restriction up to the constituents in the product of the Steinberg character of a Levi subgroup L of P with a Weil character of L. This information was sufficient to get a complete answer for G = Sp 4 (q) and Sp 6 (q).
The constituents of the product of the Steinberg character with a Weil character were computed in [6] for all finite symplectic groups, thus completing the work of [1] . It turned out that the restriction of the Steinberg character of G to P is multiplicity free. This paper is the first step in generalizing this result to all unipotent characters. The information we obtain is sufficient to determine the irreducible constituents of the unipotent characters for G = Sp 4 (q) and Sp 6 (q), and again, all these restrictions are multiplicity free.
There is not much evidence that this pattern should persist for G = Sp 2m (q) for m > 2, but we do conjecture that there is an upper bound, only depending on the Lie rank of G but not on q, for the composition multiplicities in the restrictions of the unipotent characters of G to P .
Our motivation for this work is the -modular representation theory of G. Suppose that there exists such a bound M as above. Let χ be a unipotent character of G. Then it follows from a standard argument, that the -modular decomposition numbers d χ,ϕ are bounded from above by M c, where c is the largest diagonal entry in themodular Cartan matrix of P . Since by Clifford theory the -modular representation theory of P can be reduced to that of L and to the parabolic subgroup of L analogous to P , the above bound is a basis for induction. For example, it has been used in [1] to prove Donovan's conjecture for Sp 6 (q) if > 3.
Our general results, true for all symplectic groups G, are based on Mackey's theorem. Namely, we do not restrict individual unipotent characters of G to P , but characters obtained from Harish-Chandra induction from L. That is, we start with an irreducible character σ of L, view it as a character of P via inflation, and consider the character χ of G obtained by inducing σ from P to G. One part of the restriction of χ to P is determined recursively, the other part only modulo the constituents of the product of σ with a Weil character of L. As an intermediate result we compute all these products in Sp 4 (q).
This method does not give information about the restrictions of cuspidal unipotent characters, of course. However, the restriction of the cuspidal unipotent character of Sp 4 (q) to P can be obtained by other means, and Sp 6 (q) does not have any cuspidal unipotent character. Our results show that, in order to establish the existence of a bound M as conjectured above, it would suffice to restrict cuspidal unipotent characters and to bound the multiplicities in the products of unipotent characters with the Weil characters.
Notation and recollections
In this section we fix some notation and recall some of the results of [1] , taking the opportunity to correct some inaccuracies of that paper.
Throughout our paper, we write G := G n := Sp n (q) for a nonnegative even integer n = 2m and an odd prime power q. We adopt the convention that G 0 = Sp 0 (q) is the trivial group. To be specific, we always take G to be the matrix group G := G n := Sp n (q) := {x ∈ GL n (q) | x tJ n x =J n }. (As in [1] , we usually denote matrices by boldface letters.) With respect to the standard basis of the column vector space F n q , the Gram matrix of our symplectic form defining G has shapẽ
where J m denotes the (m × m)-matrix with 1s along the anti-diagonal and 0s elsewhere.
The following special matrices and subgroups are relevant for our paper. Usually the index n on the symbol for a subgroup indicates the format of the matrices of its elements. Assume n ≥ 2 for the remainder of this section. For x ∈ Sp n−2 (q) and a ∈ F * q , we put (1) s n (x, a) :=   a 0 0 0 x 0 0 0 a
and L := L n := s n (x, a) | x ∈ Sp n−2 (q), a ∈ F * q . We write L n for the subgroup of L n consisting of the matrices s n (x, a) of (1) with a = 1. Then L n ∼ = Sp n−2 (q) and except for n = 4 and q = 3, L n is the commutator subgroup of L n . We have the factorization
(Here and in the following, we write I n for the (n × n)-identity matrix.) Occasionally we identify G n−2 = Sp n−2 (q) with the subgroup L n of G n . Next, for v ∈ F n−2 q and z ∈ F q we put
t . The group U is the unipotent radical of P and L is its Levi complement. The center Z(U ) of U consists of the matrices u n (0, z), z ∈ F q , the quotient U/Z(U ) is isomorphic to F n−2 q , and the action of L n on U/Z(U ) by conjugation is equivalent to the natural action of Sp n−2 (q) on F n−2 q . The ordinary irreducible characters of P can be classified into three types:
Type 1: Characters with U in their kernel. Type 2: Characters with Z(U ) but not U in their kernel. Type 3: Characters with Z(U ) not in their kernel.
Note that for n = 2 there are no characters of Type 2 (since Z(U ) = U in this case). We now recall the parametrization and construction of the characters of P from [1, Section 2.2]. Characters of Type 1 are parametrized by Irr(L). The character of Type 1 corresponding to σ ∈ Irr(L) is denoted by 1 ψ σ and defined by
Characters of Type 2 are parametrized by Irr(P n−2 ). The character of Type 2 corresponding to µ ∈ Irr(P n−2 ) is denoted by 2 ψ µ and defined as follows. Suppose that n ≥ 4 and let ζ be a nontrivial irreducible complex character of the additive group of
. Let T n := T P (λ) be the inertia subgroup of λ in P . Then T n = UP n−2 with a subgroupP n−2 of L satisfying A ×P n−2 = A × P n−2 . (Contrary to what we have written in [1, p. 254, penultimate line], we identify P n−2 ≤ G n−2 with the subgroup {s n (x, 1) | x ∈ P n−2 } ≤ L ≤ G.) For the precise form ofP n−2 see [1, 2.3.2] . Letλ be the extension of λ to T n such that Res
We have 2 ψ µ (1) = (q n−2 − 1)µ(1). Characters of Type 3 are parametrized by Irr(L ) in such a way that each ϑ ∈ Irr(L ) parametrizes four characters of G, denoted by 3 ψ i,ε ϑ with i ∈ {1, 2} and ε ∈ {+, −}. These are constructed as follows. To have a consistent choice for all the symplectic groups we are considering, we fix two non-trivial irreducible complex characters ζ 1 and ζ 2 of the additive group of F q , such that ζ 1 and ζ 2 are not conjugate under the group of squares of F * q . We view ζ 1 and ζ 2 as irreducible characters of Z(U ) via the isomorphism z → u n (0, z). Then ζ 1 and ζ 2 are representatives of the two orbits of A on Irr(U ) \ {1 U }. There are unique irreducible characters ρ i of U with ρ i (1) = q m−1 (recall that n = 2m) such that Res
The inertia subgroup of the ρ i equals P Z = P × Z with Z = Z(G) and P = U L . Moreoever, the ρ i extend to charactersρ i of P , and these extensions are unique except in the case n = 4 and q = 3, where we choose the extensions as in [5, Theorem 2.4] . The trivial extensions of theρ i to P Z are denoted by the same symbols. Each irreducible character ϑ of L has two extensions to L Z = L × Z, namely ϑ · 1 ε Z with the sign ε ∈ {+, −}, where 1 + Z and 1 − Z denote the trivial and non-trivial irreducible characters of Z, respectively. For each such ϑ we put
It is convenient to expand the parametrization of the irreducible characters of P of a given type to all characters of this type. This is achieved by a linear extension of the parametrizing map. Thus, for example, if σ = n i σ i is a character of L, where the n i are positive integers and σ i ∈ Irr(L), then 1 ψ σ denotes the Type 1 character
Finally, we introduce some pieces of character theoretic notation. Let H be a finite group. Character always means complex character. If χ is a character of H, we writeχ for the complex conjugate of χ. The trivial character of H is denoted by 1 H . If H has a unique normal subgroup of index 2, we write 1 − H for the unique linear character of H of order 2. Given two characters χ and ψ of H, we say that ψ is a subcharacter of χ if χ − ψ is a character.
A first approach for restricting unipotent characters
It will be useful for our explicit calculations in the cases m = 2 and m = 3 to discuss a general approach for obtaining information about composition multiplicities of certain unipotent characters restricted to P . Throughout this section, we fix an irreducible character σ of L , extended trivially to a character, also denoted by σ, of
, where σ is viewed as a character of P via inflation. We are interested in Res
. Every unipotent character of G, except a cuspidal one, is a constituent in some such R G L (σ). Thus our approach is restricted to the non-cuspidal unipotent characters. Moreoever, we do not obtain the restriction of a single irreducible character, but only of the sum of certain irreducibles. Nevertheless, this method has turned out to be useful in our specific computations.
The Weyl group W of G is of type C m . Let us denote the standard reflections of W by S := {s 1 , s 2 , . . . , s m }, where we choose notation in such a way that s 2 , . . . , s m are conjugate in W and s 1 is not conjugate to any of s 2 , . . . , s m . (Alternatively, s 1 is the reflection along a long root and s 2 , . . . , s m are reflections along short roots.) Putting J := S \ {s m }, then P is the standard parabolic subgroup P J and L = L J is its standard Levi subgroup.
Mackey's theorem yields First we collect some known facts about D J,J and the groups 
Proof. (d) This is clear.
It will perhaps help the reader to follow the somewhat technical arguments in Theorem 3.3 below, if we give the relevant structures of Lemma 3.1 in terms of matrices. First we describe inverse images of s and t in G (denoted by the same letters). We may take
, but here we will just call it U n−2 (in accordance with our convention to view G n−2 as a subgroup of G).
For the proof of the main theorem of this section we need the following technical lemma.
, and A n−4 := r A n−2 . Furthermore, let
Proof. We haveP
By Lemma 3.1(c), applied to G n−2 , we have
On the other hand, U n−2 L n−2 = P n−2 ≤ P n−2 , and so
Thus Y = A n,n−2 Y and the result follows.
We now come to the main result of this section. Recall that P = P J with J = S \ {s m } and that we are interested in Res
for an irreducible character σ of L with A in its kernel. In view of (3) and Lemma 3.1, we have to determine
) is a sum of characters of the form Ind
, where ν is an irreducible character of P n−2 , viewed as a character of RQ K = R(A × P n−2 ) via inflation. The answer depends on the type of ν. (a) Res
In particular,
, and also as an irreducible character of RQ K via inflation. Then
(c) Suppose that n ≥ 6 and let ν be an irreducible character of P n−2 of Type 2. Suppose that ν = 2 ψ ν 0 , with ν 0 ∈ Irr(P n−4 ). Then
, where r = s m−1 and ν 0 is viewed as a character of
for some i ∈ {1, 2}, some ε ∈ {+, −}, and some ϑ 0 ∈ Irr(L n−2 ). Let
For the sake of legibility, we suppress the symbol for inflation in the following proof.
(a) Since t centralizes L , we have Res
We first consider the special case that A n−2 is in the kernel of ν. an account of which is given in Section 2.) We have
since R ≤ U is in the kernel ofλ and Res
The result follows by comparing degrees. Now we deal with the general case. Write ν = 1 A ξ ν with irreducible characters ξ of A n−2 and ν of L n−2 . Then
Viewing s ξ as a linear character of P via inflation, we obtain
The result follows from the observations (4) Res
, and every constituent of Res
is not in the kernel of ν by assumption. This implies that the scalar product in Equation (4) is zero, and hence Ind
does not have any constituent with U in its kernel.
Thus Ind
only contains constituents of Type 2. Let λ n−2 be the irreducible character of U n−2 analogous to λ, and let λ n−2 be the extension of λ n−2 to U n−2Pn−4 , with Res
. Then, by definition,
We put Q K := A×U n−2Pn−4 ≤ Q K , and inflate the characters in Equation (5) over the normal subgroup RA of RQ K and RQ K . Suppressing the symbols for inflation, this yields
Since r ∈ P , we obtain
( Σ) is a subcharacter of Res
. By Frobenius reciprocity, this would imply that 2 ψ Σ is a subcharacter of Ind
induces to an irreducible Type 2 character of P . Since Ind
ψ Σ have the same degree, this would imply the desired result.
So it suffices to prove the claim. By Mackey's theorem and Equation (7), it suffices to show thatλ · Infl 
and so a similar argument as in (c) with U replaced by Z(U ) shows that Ind
only has constituents of Type 3.
The proof now proceeds in several steps.
Step 1: We identify the subgroup (
Proof of Step 1: This is exactly Statement (b) of [5, Theorem 2.4] . Notice that our P n−2 corresponds to P (E + , j), our U to H(E, j) and our R to H(E ⊥ + , j) of [5] , where E + is the subspace of F n−2 q spanned by the first standard basis vector.
Step
where ϑ 0 is viewed as a character of U P n−2 via inflation over U U n−2 .
Proof of Step 2: The first assertion is clear by the construction of the Type 3 characters of P n−2 . Using Step 1 we obtain
It remains to observe that 1 A n−2 s ξ = (1
Step 3: Ind
, where ϑ is viewed as a character of U L via inflation over U .
Proof of Step 3: From Step 2 we obtain
Step 4: Ind
There is a slight inaccuracy in the formulation of this result in [1] . With the notation introduced above, the correct statement is as follows:
The difference is in the occurrence of theω i in the third summand, but this is exactly what we prove in [1] .
Proof. One constituent 1 ψ 1 L = 1 P arises from the P -P -double coset representative 1. The representative t yields the summand Ind 
4.
Values of some characters of P on U Before we begin to compute the restrictions of the unipotent characters of G to P for G = Sp 4 (q) and Sp 6 (q), we collect some facts about values of certain characters of P on its unipotent radical U . In the following, we use the notation of Section 2 for the irreducible characters of P .
The non-trivial elements of Z(U ) fall into two P -conjugacy classes, c 1 := {u n (0, z) | 0 = z ∈ F q is a square}, and c 2 := {u n (0, z) | 0 = z ∈ F q is a non-square}. Fix elements z i ∈ c i , and let C i be the conjugacy class of G containing z i , i = 1, 2. Then C 1 = C 2 . Indeed, since P is a maximal subgroup of G and since P normalizes z i , it follows that
There is an automorphism α := α n of G, which fixes P and interchanges c 1 and c 2 , and thus C 1 and C 2 . (In particular, α is not an inner automorphism.) To be specific, we may take
where a ∈ F q is a fixed non-square, andJ n (a) is the matrix
Clearly, α permutes the irreducible characters of each type among themselves.
In Section 2 we have chosen two irreducible characters ζ 1 and ζ 2 representing the two orbits of P on the set of non-trivial irreducible characters of Z(U ). We may choose notation such that ζ 2 = α ζ 1 . Then the two irreducible characters ρ i of U lying above ζ i are also conjugate by α, as are their extensionsρ i to their inertia subgroup P Z. It is easy to check that α centralizes A and fixes L , where it induces the automorphism α n−2 , also denoted by α. This implies that It follows from the transitivity of P on U/Z(U ) \ {Z(U )} and on Z(U ) \ {1} that U \ Z(U ) is a single conjugacy class of P . Let u ∈ U \ Z(U ).
Lemma 4.1. Let σ, µ and ϑ be characters of L, P n−2 and L , respectively. Then the corresponding characters of P have the following values on U .
Proof. The first row and the first column of the character values are clear. Let 2 ψ µ be a Type 2 irreducible character of P with µ ∈ Irr(P n−2 ); then Z(U ) lies in the kernel of 2 ψ µ which gives the entry in the second row at z i . Now 2 ψ µ is a character ofP := P/Z(U ). If U := U/Z(U ), thenŪ is a normal subgroup ofP of order q n−2 . Since P acts transitively on the non-trivial irreducible characters ofŪ , it follows that ResP U ( 2 ψ µ ) = e λ∈Irr(Ū )\{1Ū } λ for some integer e ≥ 1. Thus 2 ψ µ (u) = 2 ψ µ (uZ(U )) = −e. But (q n−2 − 1)µ(1) = 2 ψ µ (1) = e(q n−2 − 1), so e = µ(1) and 2 ψ µ (u) = −µ(1).
To prove the third row, let 3 ψ i,ε ϑ be a Type 3 irreducible character of P , where ϑ ∈ Irr(L ), i ∈ {1, 2} and ε ∈ {+, −}. By construction, ρ i is a constituent of Res Hence the restriction of
which has the claimed value on the z i . This result can be used to obtain some information about the components of the various types in a restricted α-invariant character. and
We record one further useful result. Suppose that n = 4, so that G = Sp 4 (q). Then G has 6 unipotent characters. In this section we determine their restrictions to P = P 4 . In the course of the proof we are going to refer to the character table of G determined by Srinivasan in [10] for some character values as well as for the notation for certain irreducible characters of G. The latter also becomes relevant in the next section where we consider Sp 6 (q) and its parabolic subgroup, some of whose characters are labelled by irreducible characters of Sp 4 (q). We thus have to match the Weil characters ω 1 and ω 2 with the Weil characters of Srinivasan's character table.
First note that the conjugacy class C 1 introduced in Section 4 is called A 21 in [10] . The Weil characters of [10] are denoted by θ 7 + θ 3 and θ 8 + θ 4 (the sum θ 8 + θ 3 is not a Weil character, since its value on the class A 21 equals zero). We now choose our character ζ 1 ∈ Irr(F q ) in such a way thatω 1 = θ 7 + θ 3 .
The following lemma serves two purposes. Firstly, we introduce a notation for the irreducible Weil characters of L = Sp 2 (q), and secondly we collect some facts about Harish-Chandra induced characters of Sp 4 (q), needed in the course of the proof of our main result in the following section. We write *
χ in the notation of Lemma 4.2.
is of this form, and ν 3 , ν 7 are irreducible Weil characters of L of degrees (q + 1)/2 and (q − 1)/2, respectively.)
By applying the outer automorphism α of G we obtain R . Inducing these characters to W , we obtain exactly three constituents in each case.
The characters of G in the Harish-Chandra series of G corresponding to (L, 1
) are θ i , i = 1, . . . , 4, and Φ 9 , where Φ 9 corresponds to the character of degree 2 of W (see [11, Appendix] ). Again, by construction, θ 3 occurs in R G L (ϑ). For reasons of degrees, Φ 9 also occurs. The remaining constituent is θ 1 or θ 2 . With the same argument as in (a) we conclude that θ 2 occurs. This gives the result.
Remark 5.2. For the convenience of the reader we display the values of the irreducible Weil characters of Sp 4 (q) and Sp 2 (q) on the classes C 0 containing the identity element, and on the classes C 1 and C 2 introduced at the beginning of Section 4. In the following table, we put δ := (−1)
The main result of this section is as follows.
is as given in Table 1 . We have Res are the two irreducible characters of P 2 of degree (q − 1)/2 with Z(G) in their kernels.) Also
In particular, Res 
obvious way through symbols, such that Proof. Let χ = χ Λ be a unipotent character of G. If χ is the trivial character 1 G , then its restriction to P is the trivial character 1 P . If χ is the Steinberg character St G of G, then its restriction to P is given in [1, Example 3.5(c)]. So we may suppose that χ = 1 G and χ = St G .
The constituents of Type 1 in the restrictions are easily computed by the branching rule for the Weyl group of G and a general result of Harish-Chandra theory (see [3, Theorem (70.24 )]). In order to simplify the arguments for the constituents of Types 2 and 3, we are going to apply Corollary 3.5. Since
, we obtain from Corollary 3.5:
Hence all unipotent characters of G are α-invariant, so we can apply Lemma 4.2. θ 11 and χ [1,1,1] = θ 9 . By Lemma 4.1, the right hand side of Equation (10) has value q 2 + q on z 1 . Since θ 9 (z 1 ) = θ 9 (A 21 ) = q(q + 1)/2, it follows by (10) that χ [1 2 ,−,1] (z 1 ) = q(q + 1)/2 and thus by [10] 
Using χ(z 1 ) = q(q + 1)/2, it follows from Lemma 4.2 that
In view of Equation (10) and the degrees of the characters given in Section 2, this determines the constituents of Res In order to determine the Type 3 component, we use Theorem 3.3 with
, we obtain from (3) and Theorem 3.3(a):
1 . The only Type 3 constituents in (11) arise from the two Type 3 constituents in Res
Sinceω + = ν 3 occurs as label for the Type 3 component of Res G P (χ [1, 1, 1] ), the result of Table 1 follows from Theorem 3.3(e). [7] ). Then (12) Res
Let C 21 (1) be the conjugacy class of G described in [10, p. 491] . Then C 21 (1) ∩ P = ∅ and χ(C 21 (1)) = −1. This contradicts (12) . It follows that ϑ = ν 7 or ν 8 . Suppose that ϑ = ν 7 , so that by Case 1,
Put z 1 := s z 1 with s as in Section 3. Then z 1 ≤ Z(U 2 ) ≤ L, and one computes
On the other hand, χ(z 1 ) = θ 10 (A 21 ) = −q(q −1)/2. This is impossible, so that ϑ = ν 8 . (q − 1). We will follow the notation of [10] . In particular, θ 3 and θ 7 are the irreducible Weil characters of G of degrees (q 2 + 1)/2 and (q 2 − 1)/2, respectively, and ω 1 = θ 3 + θ 7 andω 2 = θ 4 + θ 8 are the two distinct Weil characters of degree q 2 . Then 
Proof. Using the character table of Sp 4 (q) given in [10] together with the corrections in [9] , one can verify the claimed decompositions of (
, except for the following three typos (in the notation of [10] 
, and Φ 7 (B 3 (i, j)) = (−1)
i + (−1) j = s(i, j). These corrections can be found in [13] . Table 2 . In particular, Res G P (χ Λ ) is multiplicity free. Proof. Since the unipotent characters of G have pairwise different degrees, they are α-invariant and Lemma 4.2 can be applied. The Type 1 components of the restrictions are easily determined by HarishChandra theory. The values of the unipotent characters on the class C 1 containing z 1 (see the introduction to Section 4) can be found in [8] or CHEVIE [4] .
. Thus Corollary 3.5 yields for the sum of the Type 2 and the Type 3 components of Res
We have (14):
(see Lemma 5.1(b)). 
In addition,
By Lemma 4.2, The result for χ [−,21,1] now also follows.
. By (3) and Theorem 3.3 we have
Res
Theorem 3.3(d) and 3.3(e) yield for the sum of the Type 2 and the Type 3 contribution of (18):
and, by Lemma 5.1(a),
Finally, Theorem 3.3(a) and Remark 3.4 give
and ϑ = (θ 7 + θ 3 ) · χ 
